Maclaurin [53 marks]

1. [Maximum mark: 11]

The function f is defined by f () = arcsin (2x), where —% <z < %

(@) By finding a suitable number of derivatives of f,find the first two non-zero terms in the Maclaurin
series for f. (8]

Markscheme

f () = arcsin (2z)
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THEN
substitute z = Qinto f orany of its derivatives  (M1)
f(0)=07f(0)=2and f"(0)=0 a1

£ (0) =8

the Maclaurin series is

flz) =20+ 4 (: 2m+%+...> MA1

[8 marks]

(B) " Hence or otherwise, find lim arcsin(2z) -2z

250 (22" 7 3]
Markscheme

METHOD 1
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Note: Condone the omission of +... in their working.

METHOD 2
. in(2z)—2
1 % = % indeterminate form, using L'Hopital’s rule
z—0 T
—2
3 A 142
o ili% 24z2 M1

3
. 1-422)2 .
= hm% = lim—— mi
z—0 6(1—422)2

Note: Award M1 only if their previous expression is in indeterminate form.

Note: Award FT for use of their derivatives from part (a).

[3 marks]

[Maximum mark: 21]
The function fisdefined by f (z) = "7,

(a) Find the first two derivatives of f (:L') and hence find the Maclaurin series for f (w) up to and
including the z2 term. [8]

Markscheme

attempting to use the chain rule to find the first derivative M7
f'(z) = (cosz)e*™* a1
attempting to use the product rule to find the second derivative M1

" (z) = esin® (COS2 T —sin :L’) (orequivalent) A1



attempting to find f (0), f' (0) and f” (0) M1
£(0) =1, (0) = (cos 0)e™ = L; f (0) = " (cos? 0 — sin0) =1 A1
substitution into the Maclaurin formula f () = f (0) + zf’ (0) + z—if” 0)+... mi

2
so the Maclaurin series for f (&) up to and including the z2termis1 + x + % A1

[8 marks]

(b)  Show that the coefficient of 23 in the Maclaurin series for f (x)iszero. (4]
Markscheme

METHOD 1

attempting to differentiate f” (z) M1

f" () = (cos z)es® (cos® z — sinz) — (cos x)e™® (2sinz + 1) (orequivalent) A2
substituting z = O into their £ (z) M1

F"0)=1(1-0)—1(0+1)=0

so the coefficient of £ in the Maclaurin series for f(x)iszero 46

METHOD 2

substituting sin « into the Maclaurin series fore®  (M1)

. . 2 i3
eSln$:1+Slnx+ Slgli_"_Slg'E +“‘

substituting Maclaurin seriesforsinx M1

8 | (g
eSin$:1+(w—§—?+...>+ 35! + 3! +... A
coefficient of 23 is—% + % =0 M4

so the coefficient of 23 in the Maclaurin series for f (m) iszero AG

[4 marks]

() Using the Maclaurin series for arctan « and €3? — 1,find the Maclaurin series for
arctan (e3$ — 1) up to and including the x3 term. [6]

Markscheme



substituting 32 into the Maclaurin seriesfore™ M1

2 3
e =1+3c+ & 4 B4 oy

substituting (e?’z — 1) into the Maclaurin series forarctan @ M1

arctan (3 — 1) = (% — 1) — (831;1)3 + (egxgl)s’ -

(302 | (32)°

3
= <3:L' + ( ;)
selecting correct terms fromabove M1
_ (B3z)° | (o)’ (32)°
- (31’ Tt e ) T s

2 3
=3+ % - g

[6 marks]

(d) Hence, or otherwise, find limf(zi);j.
10 arctan(e’”—1)

Markscheme

METHOD 1

substitution of their series M1

. x+%+,..
hmg—z a1
z—0 3z+5-+...
1+2+4...

= lim
P ETS 0

w|—

Al

METHOD 2

use of 'Hopital'srule M1

lim (cosz)esn®

33T

1+ (e3"”—1)

(orequivalent) A7
z—0

[3 marks]
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(3]



[Maximum mark: 21]
The function f is defined by f(x) = e” sin x,wherez € R.

The function gis defined by g(aj) = % cos z,wherez € R.

(@) Find the Maclaurin series for f() up to and including the * term. (4]
Markscheme

METHOD 1
recognition of both known series m1)
T _1q x 22 . . 23 z5
e =1+ + 5 +...andsine =o — 55 + 5 + ...

attempt to multiply the two series up to and including z2 term m1)
T o — (1 z 22 z° z°
e’ sinx = ot er e m—ﬁ—kg—k...

:z—ﬁ—?—l—ﬁ—i—g—?—l—... (A1)

e””sinm:ac—i-acZ—i—%a:?’—k... A1

METHOD 2

f(z) =e*sinz

fi(z) =e*cosx +e*sinx A1

fr1(z) = e* cos z —e* sin z + e sin x + e* cos x (= 2e” cos x)
frn(z) = 2e” cos ¢ — 2e” sin

fr1(z) = 2e”* cos x and f111(x) = 2e®(cos ¢ —sinz) A1
substitute z = Qinto f orits derivatives to obtain Maclaurin series m1)

e””sinm:0+%xl+§—ix2+§—?x2+...

e?sinz=c+z?+ 323 +... A
[4 marks]
1 2 .
(b) Hence, find an approximate value for fO e” s1n(a:2) d zx. [4]

Markscheme



2 .
e? sin (m2)2x2+x4+%m6—|—... (A1)
substituting their expression and attempt to integrate m1

Jie” sin(z?) dz~ [} (2> +2* + 128) d

Note: Condone absence of limits up to this stage.

[4 marks]

(o] Show thatg(w) satisfies the equation g//(.’B) = 2(gl(w) — g(w))
Markscheme

attempt to use product rule at least once M1

g/(x) =e*cosx —e*sinx A1

g(z) =e" cosz —e”sinz —e” sinz —e” cos (= —2e” sinz) A1
EITHER

2(g/(z) —g(z)) =2(e" cosx —e"sinx —e” cosx) = —2e"sinx A1
OR

gN(z) =2(e”* cosz —e*sinz —e® cosz) A1

THEN

gi1(z) = 2(g/(z) — g(z)) 46

Note: Accept working with each side separately to obtain —2e® sin .

[4 marks]

(4]



(d)  Hence, deduce thatg(4)(x) = 2(gm(z) — g (z)). [
Markscheme
gm(z) = 2(gi(z) — g/(x)) M

9W(z) = 2(gm(z) — gn(z)) 46
Note: Accept working with each side separately to obtain —4e” cos .

[1mark]

(e) Using the result from part (c), find the Maclaurin series forg(:B) up to and including the z* term. [5]
Markscheme

attempt to substitute x = O into a derivative ~ (M1)
9(0) =1, g7(0) =1, gn(0) =0 a1
gm(0) = -2, g9(0)= -4 @y

attempt to substitute into Maclaurin formula M1)

g@) =1+z—2a3—4at+ .. (=1+z-L1ad 1ot ) m

Note: Do not award any marks for approaches that do not use the part (c) result.

[5 marks]

. T 1
(f)  Hence, or otherwise, determine the value of lim <-<esZ-1-z

z—0 a? ' (3]
Markscheme
METHOD 1
lim €°.cos zs—l—x — lim (1+a:—%a:3—%3m4+...)—1—m "
z—0 z z—0 z
= 916133(—% —Fz+..) @
1

=—3 A1



Note: Condone the omission of + . . . in their working.

METHOD 2
liII(l) eCOS$+H = %indeterminateform,attemptto apply I'Hopital'srule M1
z—>
. z —e® gin £— . I(x)—1
— lim £ 0051322 sinz—1 [ _ lim 9(31’22
z—0 z—0

= % using I'Hopital's rule again

BT —2e%sinz [ 1. gl(x)
= lim ==+ <— lim =5~ >

z—0 z—0

= %, using I'Hopital's rule again

— lim —2e*sinz—2e”cosx [ _ lim g (z) a
6 z—0 6

[3 marks]
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