Complex numbers [58 marks]

1. [Maximum mark: 18]

(@ Express —3 + V/3iintheformre?, wherer > Oand —7 < 0 < .

Markscheme
attempt to find modulus  (M1)
r=2v3 (: Vv 12) a1

attempt to find argumentin the correct quadrant  (M1)

0 = 7 + arctan (—ﬁ) At

3
_ 5m
=% Al
—3++3i= \/ﬁe% (: 2\/§e%)
[5 marks]
Let the roots of the equation 2B =-3+ \/gi be u, v and w.

(b)  Find u, vand w expressing your answers in the form rel?, where 7 > Qand —7 < 0 < .

Markscheme

attempt to find a root using de Moivre’s theorem M1
1 5n

125e1s A1

attempt to find further two roots by adding and subtracting 2% to theargument M1
1 _m

12%e™ 1 M
1 17m

125e 18 M1

Note: Ignore labels for 4, v and w at this stage.

[5 marks]

On an Argand diagram, u, ¥ and W are represented by the points U,V and W respectively.

(c) Find the area of triangle UVW.
Markscheme

METHOD 1
attempting to find the total area of (congruent) triangles UOV,VOW and UOW M1

SPM.1.AHL.TZ0.11
[5]



area=3 (%) (128) (128 )sinZ
Note: Award A7 for (12%> (12%> andAH"orSln2T7r

‘/— (123> (orequivalent) A1

METHOD 2

uv2= (126) (12%)2 -2 (12%> (12%)COS2—?:r (orequivalent) A7
w=+3 (12%) (orequivalent) A7
attempting to find the area of UVW using Area = % x UV x VW X sin & for example M1
area= 3 (V3 x 12¢) (V3 x 124 )sin%

= 3T\/§ (12§> (orequivalent) A1

[4 marks]

(d) By considering the sum of the roots U, ¥ and w, show that

170
cos 3L 18 + cos + cosSg- = 0. [4]

Markscheme

U+v+w=0 R

127 (cos( I’g)%—isin(——)—I—cos +1sm +cos177T +1$1n117§r) =0 4

consideration of real parts M1

127 (cos ( ) + cos + cos 1178”) =0

cos ( Zg) = COSl— explicitly stated A7

cos— + cos + cos 1178” =0 46

[4 marks]

[Maximum mark: 20] EXN.1.AHL.TZ0.12

(@ Use the binomial theorem to expand (cos 0+ 1sin 9)4. Give your answer in the form @ -+ bi where @ and b
are expressed in terms of sin @ and cos 6. [3]

Markscheme



(b)

(0

*This sample question was produced by experienced DP mathematics senior examiners to aid teachers in preparing for

external assessment in the new MAA course.There may be minor differences in formatting compared to formal exam papers.

uses the binomial theorem on (cos € + i sin 9)4 M1

= 4Cp cos* 0 + 4C cos® (i sin 0) + 4C cos? t9(i2 sin? 9) + 4C35 cos 0(i3 sin® 0) +4Cy (i4 sin 0)

A1

= (cos4 0 — 6 cos? 0 sin® 6 + sin* 0) + i(4 cos3 0 sin 6 — 4 cos 0 sin® 6) A1

[3 marks]

Markscheme

(using de Moivre’s theorem withm = 4 gives) cos 46 -+ i sin 46

Use de Moivre’s theorem and the result from part (a) to show that cot 40 =

(A1)

equates both the real and imaginary parts of cos 460 + i sin 460 and
(cos* 6 — 6 cos® 0 sin® 6 + sin* §) +i(4 cos® 6 sin § — 4 cos O sin® 6) M1

cot? —6 cot? 6+1
4cot’f—4cotf °

cos 460 = cos* 6 — 6 cos® 0 sin® 0 + sin® 6 and sin 40 = 4 cos® 6 sin @ — 4 cos 6 sin® 6

cos 460

recognizes that cot 46 = 21717

(A1)

cos 460
sin 46

substitutes for sin 46 and cos 460 into M1

__ cos*§—6 cos® § sin” f+sin? 4
cot 46 = 4 cos® @ sin H—4 cos 0 sin® 0

divides the numerator and denominator by sin? 6o obtain

cos? 06 cos? 0 sin? 0+sin? 0

cot 460 = S Y A1

4 cos3 @ sin §—4 cos § sin3 §
sint 0

_ cot*f—6 cot? 6+1
cot 46 = 4 cot® 6—4 cot 0 AG

[5 marks]

Use the identity from part (b) to show that the quadratic equation 22 — 6z 4+ 1 = Ohasroots C0t2% and

230

cot 3 -

Markscheme

setting cot 40 = 0 and putting z = cot? B in the numerator of cot 46 =

M1

attemptsto solve cot 40 = Ofor@ M1

40:%’3_11’ (40:%(2714-1)11,11:0,1, e

2

y

(A1)

cot* 0—6 cot® 6+1

dcot’0-4corp IVEST

2_6r+1=0



Note: Do not award the final A1 if solutions other than § = %, ‘%H are listed.

30

finding the roots of cot 46 = 0 (9 = %, 3 ) corresponds to finding the roots of 2 — 62 4+ 1 = 0 where

x=cot?0 R

so the equation 22 — 6z + 1 = O asroots COtQ% and cot‘?%H AG

[5 marks]

(d) Hence find the exact value of cot? %H

Markscheme

attemptstosolvez? — 6z + 1 = Oforz M1

z=3+2v2 a1

30

= tQ%H, CotQ? has the smaller value of the two roots ~ R1

since cot? g > Co

Note: Award R1 for an alternative convincing valid reason.
soCOtQ‘%11 =3-2 \/2 A1

[4 marks]

2 3

2 n 2
3 and cosec g

(e Deduce a quadratic equation with integer coefficients, having roots COseC
Markscheme

lety = cosec?
uses cot? @ = cosec? @ — Lwherex = cot2 0  (m1)
?—6r+1=0=(y—1)>—6(y—1)+1=0 M

¥ —8y+8=0 A1

[3 marks]



[Maximum mark: 20] 24N.1.AHL.TZ0.12

Consider the equation z* = 16i, where z € C.

The equation has four roots 21, 29, 23, 24, where z; = 7 (cos 8; + 1 sin 8;),r > 0and0 < 01 < 0 < 03 < 04 < 2m.

(a) Find 21, 29, 23 and 24.

Markscheme

|16i| = 16 and arg(16i) = = @

attempt to use De Moivre’sTheorem M1)
2 = 2<c0s <%> +1isin <%)) A1
attempts to find other solutions using 2 = 2 (COS (% + %k) + 1isin (% + %k)) orequivalent  (M1)

29 = 2 (cos <5—8H> +1sin <%>> (orany otherroot) A1

23 = 2(cos (9%) +1isin (%)) and z4 = 2(cos (1—2’“) + 1isin (%)) Al

Note: Award a maximum of (A7)(M1)A1(M1)A1A0 for more than four roots or any roots outside the range.
Note: Allow use of r-cis form throughout.

[6 marks]
The roots 21, 22, 23 and 24 form a geometric sequence.

(b) Find the common ratio of the sequence, expressing your answer in Cartesian form.
Markscheme

attempt to evaluate a ratio with their roots eg z—f M1)

_ 2 (cos (% )+isin (%))
2 (cos (£)+isin (4))

- (cos (g) +isin (g)) )

=1 M

&

orequivalent

R

[3 marks]
The roots 21, 29, 23 and z4 are represented by the points A, B, C and D respectively on an Argand diagram.

(0 Plot the points A, B, C and D on an Argand diagram.

Markscheme



point A in approximately correct place in first quadrant 41

points A, B, C and D approximately the same distance from the origin A7

approximate angular separation of % A1

Note: Dotted lines not required.

[3 marks]
The equation v* = a + bi,wherev € Canda,b € IR has roots zl*, 22*, 23* and 24*.
(d) Determine the value of @ and the value of b.
Markscheme
EITHER

(=)' = (=)
= (161)° @

OR
2 =2 (cos (—%) +1i Siﬂ(*%)) (A1)
‘o 24 (cos (—%) +1isin (—%)) (A1)

—~
N
=
*
~

OR
21292324 = —161 (A1)
(2122Z3Z4)* = (_16i)*

* ok ok k .
21 29 23 24 = 161 (A1)

THEN



(zt=)—16i m

[3 marks]

The midpoint of [AB] is A’, the midpoint of [BC] is B’, the midpoint of [CD] is C' and the midpoint of [DA] isD'.

Consider the equation w?” = 2% wherew € Candp,q € Z™.
Four of the roots of w” = 2%are represented by the points A/, B’, C'andD’.
(e) Find the least possible value of p and the corresponding value of .

Markscheme
_ 3o
) =2

AB=+v224+22=+/8=2V2
= AA'=V2

argw, <= % +

ool =

= 0A' = |w1| = \/5 Al
. S i OO
Lwi = V2 cis 3

considers when arg (wlp) € 7T (multipleof 2m) (M)

=p=16 M
=q=8 Mm
[5 marks]
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[5]



